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1. Introduction

Consider a one-degree-of-freedom vibrating system subjected to a forced excitation of the type

FðtÞ ¼
XN

i¼1

Fie
ai t cosoit: ð1Þ

Accordingly the governing differential system is

M .x þ kx ¼
XN

i¼1

Fie
ai tcosoit; xð0Þ ¼ xo; ’xð0Þ ¼ v0: ð2a–cÞ

Assuming now that ai ¼ oi ¼ 0 and taking i ¼ 1; Eq. (2a) reduces to

M .x þ kx ¼ F1; ð3Þ

which constitutes the situation where the system is subjected to a constant force of magnitude F1:
On the other hand, if oi ¼ 0 one has the situation where the system is excited by exponentially

varying forces. Possibly the most important situation is the one where

a1 ¼ bio0 ð4Þ
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where the force values decrease exponentially with the time variable and constitutes an acceptable
approximation for blast loads [1]. The expression

F ðtÞ ¼
XN

i¼1

Fie
bi t ð5Þ

may be adjusted to accomodate to experimentally obtained force values during a blast situation.
Finally, if ai ¼ 0; one has (adding the term F0=2)

F ðtÞ ¼ 1
2

F0 þ
XN

i¼1

Ficosoit; oi ¼
ip
T
; ð6Þ

which constitutes the Fourier series for the case where the forcing excitation is a periodic force and
the Fi’s are determined using the well-known Fourier formula for the cosine series expansion,

Fi ¼
2

T

Z T

0

F ðtÞcos
ip
T

t dt: ð7Þ

Accordingly differential system (2) is a rather general one for three types of basic excitations.
For the sake of simplicity it will be assumed that

xð0Þ ¼ ’xð0Þ ¼ 0: ð8Þ

On the other hand the consideration of viscous damping does not add any formal complications
to the treatment presented herewith.
No claim of originality is made by the authors but it is hoped that university students and

practitioners will find the results useful in their work. On the other hand, the present Note
constitutes an extension of a recent educational article [2].

2. Mathematical development

Expressing Eq. (2a) in the form

.x þ o2
nx ¼

XN

i¼1

F 0
i e

ai t cosoit; ð9Þ

where o2
n ¼ k=M and F 0

i ¼ Fi=M; assuming as particular solution of Eq. (9) the expression

xp ¼
XN

i¼1

Aie
ai tcosoit þ Bie

ai tsinoit ð10Þ

and substituting in Eq. (9), one obtains equating coefficients of like terms,

Ai ¼
Fi

M

a2i � o2
i þ o2

n

ða2i � o2
i þ o2

nÞ
2 þ 4a2i o

2
i

; ð11aÞ

Bi ¼
Fi

M

2aioi

ða2i � o2
i þ o2

nÞ
2 þ 4a2i o

2
i

: ð11bÞ
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Accordingly the general solution of Eq. (9) is

xðtÞ ¼C1cosont þ C2sinont þ
1

M

XN

i¼1

Fi

ða2i � o2
i þ o2

nÞ
2 þ 4a2i o

2
i

� ½ða2i � o2
i þ o2

nÞe
ai tcosoit þ ð2aioiÞeai tsinoit	: ð12Þ

Since

xð0Þ ¼ C1 þ
1

M

XN

i¼1

Fiða2i � o2
i þ o2

nÞ

ða2i � o2
i þ o2

nÞ
2 þ 4a2i o

2
i

ð13Þ

one obtains

C1 ¼ �
1

M

XN

i¼1

Fiða2i � o2
i þ o2

nÞ

ða2i � o2
i þ o2

nÞ
2 þ 4a2i o

2
i

:

Applying the second initial condition results in

C2 ¼ �
1

onM

XN

i¼1

Fi

ða2i � o2
i þ o2

nÞ
2 þ 4a2i o

2
i

½aiða2i � o2
i þ o2

nÞ þ 2o2
i ai	: ð14Þ

Eqs. (12)–(14) describe the response of the system under the generalized excitation.
For instance, if ai ¼ oi ¼ 0 and Fi ¼ 0 for i > 1 one obtains the well-known expression

xðtÞ ¼
F1

k
ð1� cosontÞ: ð15Þ

On the other hand, if oi ¼ 0; the resulting expression yields

xðtÞ ¼ �
1

M
cosont

XN

i¼1

Fiða2i þ o2
nÞ

ða2i þ o2
nÞ

�
1

onM
sinont

XN

i¼1

Fiaiða2i þ o2
nÞ

a2i þ o2
n

þ
1

M

XN

i¼1

Fiða2i þ o2
nÞ

ða2i þ o2
nÞ

eai t: ð16Þ
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